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Introduction 

Video 4 demonstrated phase plane plots for free 
responses of state space models using insights 
from an eigenvalue/vector decompositions. 

 

 

 

 

 

This video considers what changes when the 
eigenvalues are complex, but still distinct.  
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Approach taken 

This video will focus only on the impact of a single 
pair of complex eigenvalues. 

It should be possible to generalise for multiple 
pairs, but as meaningful sketches must largely be in 
2 dimensions this would be harder to illustrate. 

 

One can use identical analysis to the previous video 
but simply use complex numbers rather than real 
numbers, recognising that x(t) must always be real. 
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Eigenvalue/vector decomposition 

The decomposition (distinct eigenvalues)is: 
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Assume some 
eigenvalues are 
complex. 

Complex eigenvalues  have 
complex eigenvectors which 
also are complex conjugates 
of each other! 



Eigenvalue/vector decomposition 

The decomposition is: 
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Z,Q depend 
upon initial 
conditions. 
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NUMERICAL EXAMPLES 

Slides by Anthony Rossiter  

6 



-2 -1.5 -1 -0.5 0 0.5 1 1.5 2
-5

-4

-3

-2

-1

0

1

2

3

4

EXAMPLE 1 
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See how the states spiral into the origin due to the 
oscillatory mode.  



Remarks 

The oscillation, especially for very slow decays will 
have a major and minor axis as with ellipses. 

However, it is beyond the remit of this set of videos 
to analyse the scenario in that level of detail. 
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Z, Q depend upon initial conditions but 
clearly may have very different magnitudes 

and are 90o out of phase. 
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See how the states spiral into 
the origin due to the 
oscillatory mode but have 
more oscillation in one 
direction than another.  



Summary 

• Complex eigenvalues imply the presence of 
oscillatory modes. 

• This results in spiral like trajectories in the phase 
plane. 

• Depending on system characteristics such as the 
damping ratio, this spiralling may have obvious 
major and minor axis, as with an ellipse. 

• In general computation is not a paper and pen 
exercise. 

Slides by Anthony Rossiter  

10 



© 2016 University of  Sheffield 
 
This work is licensed under the Creative Commons Attribution 2.0 UK: England & Wales Licence. To view a copy of this licence, visit 
http://creativecommons.org/licenses/by/2.0/uk/ or send a letter to: Creative Commons, 171 Second Street, Suite 300, San Francisco, California 94105, USA. 
  
  
      
It should be noted that some of the materials contained within this resource are subject to third party rights and any copyright notices must remain with these materials 
in the event of reuse or repurposing. 
 
If there are third party images within the resource please do not remove or alter any of the copyright notices or website details shown below the image. 
 
(Please list details of the third party rights contained within this work. 
 
If you include your institutions logo on the cover please include reference to the fact that it is a trade mark and all copyright in that image is reserved.) 
 

Anthony Rossiter 
Department of Automatic Control and 

Systems Engineering 
University of Sheffield 
www.shef.ac.uk/acse 

http://creativecommons.org/licenses/by/2.0/uk/
http://engsc.ac.uk/
http://engsc.ac.uk/an/oer-project/oer-project.asp

